This paper investigates the linearization, using perturbation methods, of the structural deformations in the nonlinear flight dynamic response of aircraft with slender, flexible wings. The starting point is the coupling of a displacement-based geometrically nonlinear flexible-body dynamics formulation with a 3D unsteady vortex lattice method. This is followed by a linearization of the structural degrees of freedom, which are assumed to be small in a body-fixed reference frame. The translations and rotations of that reference frame and their time derivatives, which describe the vehicle flight dynamics, can still be arbitrarily large. The resulting system preserves all couplings between rigid and elastic motions and can be projected 
nonlinear static deflections at a trim condition. Equally, the unsteady aerodynamics can be approximated on a fixed lattice defined by the deformed static geometry. Numerical studies on a representative high-altitude, longendurance aircraft are presented to illustrate the approach. Results show an improvement compared to those obtained using the mean-axes approximation. 
Nomenclature

I. Introduction
The flight dynamics of flexible aircraft have been traditionally studied using linear methods. The standard approach in the flight simulation community is the mean-axes approximation, [1] [2] [3] [4] which decouples the structural and rigid-body dynamics degrees of freedom (DoF)
by assuming a superposition of the "free-free"modal vibrations of the structure to the dynamics of a floating frame linked to the aircraft center of gravity. The aerodynamic loads are obtained as the generalized forces corresponding to the mode shapes of the structure, including their rigid-body component. 5 The resulting equations of motion (EoM), however, neglect some gyroscopic coupling terms (which may have an important effect on both the flight dynamics and the maneuver loads) and are therefore only valid for perturbations about steady flight of relatively stiff vehicles. A more general solution has been proposed using quasi-coordinates, [6] [7] [8] which directly solve the fully-coupled EoM of a flexible body (in a body-attached reference frame) under the assumption of small structural deformations.
The coupled aeroelasticity/flight dynamics problem is often linked to large structural deformations and most of the recent work [9] [10] [11] [12] [13] [14] has been concerned with developing fully coupled models to include the effect of geometrically nonlinear elastic deformations on the flight dynamics of flexible aircraft. Typically, the displacements and rotations along a beamtype structure are the primary variables in the numerical solution, where the elastic DoF are defined in terms of a global body-fixed reference frame attached to the reference configuration to include the rigid-body motion of the vehicle. Alternative solutions using directly the beam stress resultants as primary variables [13] [14] [15] [16] or mixed methods based on local velocities and strains (the so-called intrinsic description) [17] [18] [19] have often provided numerical advantages for aircraft-type geometries.
Whereas geometrically nonlinear static aeroelastic effects can have a significant impact on the vehicle response, 20 using full nonlinear models to compute the flight dynamics of very flexible aircraft comes at a numerical burden which makes them less suitable for efficient control design and optimization studies. Model reduction of the system could solve this problem but its application is limited here because of the tightly-coupled, nonlinear nature of the flexible-body dynamics subsystem. Recently, Da Ronch et al. 21 have demonstrated that third-order Taylor expansions with only a few DoF can be obtained directly from veryhigh-dimensional nonlinear aeroelastic models of very flexible wings, but the validity of those approximations can be hard to guarantee far from the reference conditions. In a parallel effort, Su and Cesnik 22 applied a modal approach to the strain-based, geometrically nonlinear beam equations to solve the dynamics of flexible aircraft. However, the reduced system matrices still depended on the modal amplitudes and the computational advantage of that approach was small.
To compute the dynamic response of structures around a geometrically nonlinear static equilibrium, previous work by the first two authors 23 demonstrated the consistent linearization of the structural DoF in nonlinear flexible-body dynamics problems. This provides a formulation which allows projection of the nonlinear EoM onto the vibration modes of the unconstrained deformed structure at forward flight with possibly large trim deformations.
While keeping the nonlinearity in the rigid-body dynamics equations and preserving all couplings between rigid-body and structural dynamics, this approach results in closed-form expressions for all the modal coefficients which only need to be computed once.
The objective of this paper is to exercise this consistent structural linearization on the dynamic analysis of flexible aircraft. Here, the emphasis is on small elastic deformations around the aircraft trim configuration with possibly large static wing deformations. The flexible-body dynamics formulation is coupled with a 3D unsteady vortex lattice method (UVLM) 24 in the framework for Simulation of High-Aspect-Ratio Planes (SHARP). 12, 20 Numerical examples exercise the proposed formulation on the open-loop response of a representative high-altitude, long-endurance (HALE) aircraft subject to commanded control surface inputs. Comparison to the mean-axes approximation will give an insight into the effect of neglecting the coupling between the elastic deformations and aircraft flight dynamics.
II. Flexible-Body Dynamics
The flexible vehicle will be modeled using geometrically nonlinear composite beam elements on a moving (body-attached) frame of reference. 25, 26 The elastic DoF are the displacements and the Cartesian Rotation Vector (CRV) at the element nodes, with respect to a moving body-attached frame. The nonlinear EoM are then linearized with respect to the elastic DoF using perturbation methods and projected onto a set of elastic modes of the unrestrained system at some reference condition. This will give a compact form of the EoM with large rigid-body motion. The details can be found in Hesse and Palacios 23 and this section will only present the main results.
II.A. Geometrically Exact Displacement-Based Formulation
As shown in Figure 1 , the deformation of the structure is described in terms of a moving, body-fixed reference coordinate system, A, which moves with respect to an inertial (ground) frame, G, by the inertial translational and angular velocities, v A (t) and ω A (t), of its origin.
Subscripts are used to indicate the coordinate system in which each vector magnitude is projected. The orientation of the global frame, A, with respect to the inertial frame, G, is parameterized using quaternions, ζ (t). The local orientation along the beam reference line is defined by a local coordinate system, B, and is parameterized by the CRV, Ψ(s, t).
The corresponding coordinate transformation matrix between the global body-fixed reference frame, A, and the local deformed frame, B, will be referred to as C(Ψ). The nodal positions, R A (s, t), and the cross-sectional orientations, Ψ(s, t), thus form the independent set of variables. Note that the elastic displacements are given with respect to the body-fixed frame of reference, A, such that the structure is attached to the origin of the A frame (with the corresponding boundary conditions). The rigid-body velocities, v A and ω A , are used to describe the overall motion of the unconstrained vehicle. Hence, the deformation of the reference line going from the undeformed state at t = 0 to the current state at time t is given by the force and moment strains, 27 which are defined as
where (•) is the derivative with respect to the length of the arc s, and T (Ψ) is the tangential operator . 26 Analogously, the local translational and angular inertial velocities are obtained, respectively, as
where (•) is the derivative with respect to time and (•) the cross-product (or skew-symmetric)
operator. 25 This kinematic description serves to express the kinetic and potential energy of the system in terms of the beam displacement and rotations. 16, 26 A 2-noded finite-element discretization is then introduced on both variables which gives the discrete form of the nonlinear EoM. If η is the column vector with all the nodal displacements and rotations and β = {v A ω A }, the dynamic equations are written as
where structural and rigid-body components (denoted by superscripts S and R) have been identified in the gyroscopic, elastic and external forces. These differential equations couple the nonlinear beam dynamics and the nonlinear rigid-body dynamics through the fully-populated mass matrix, M(η), and the discrete gyroscopic forces, Q S gyr (η,η, β) and Q R gyr (η,η, β). Since this formulation includes rotational DoF, the mass matrix depends on the current geometry, η, to account for a change in rotational inertia on the structural and rigid-body dynamics. 26 In addition to the inertial coupling, additional coupling can occur through follower forces such as aerodynamic loads or thrust. Equation (3) is solved together with the propagation equations that determine the position and orientation of the body-fixed reference frame. 28 The equations are time-marched using an implicit, constant-acceleration Newmark integration scheme which was modified as in Eq. (7.3.23) in Géradin and Rixen
29
to introduce controlled positive algorithmic damping.
II.B. Linearization of Elastic Degrees of Freedom in Nonlinear Flexible-Body Dynamics
The particular case of small structural deformations about a static equilibrium condition is considered next. The possibly large elastic deformations at static equilibrium will be referred to as η as before, whereasη(t) will be the small elastic deformations that occur together with the (not-necessarily small) rigid-body velocities β(t). With those assumptions, perturbation of the elastic DoF in Eq. (3) gives linear inertial and elastic terms, which only depend on the deformed shape, whereas the gyroscopic forces require particular attention because of the coupling between rigid-body and elastic states. This results in
whereC andK are the damping and stiffness matrices which originate from the perturbation of Q gyr and Q stif in the elastic DoF. It is important to note that the mass matrix M only depends on the static deformations, η, but the damping and stiffness matrices are also functions of the instantaneous rigid-body velocity, β.
To compute the vibration modes of the unconstrained structure around a geometrically nonlinear deformed reference condition, we can further linearize the dynamic system, Eq.
(4), with respect to the rigid-body velocities around the equilibrium β = 0. Note however that the linearization is invariant with respect to translational velocities and the equations determine the dynamics for a trimmed vehicle in forward flight. The homogeneous form of the resulting linear system of coupled EoM will also be the basis for the aeroelastic stability analysis presented in Section III.B.
II.C. Modal Reduction of the Nonlinear System Equations
It is now possible to write the system of perturbation equations, Eq. (4), in terms of global shape functions by projecting the dynamics equations on the natural modes of the unconstrained structure at a reference condition. These vibration modes are obtained in the body-fixed frame A from the unforced fully-linearized version of Eq. (4), such that
where we have introduced the new variableν withν =β, such that the vector of modal rigid-body displacements and rotations,ν * , describes the motion of the body-fixed frame, A, and the displacements of this frame due to the elastic mode shapes (Φ RS = 0). The vector of the projected modal coordinates is p and Φ is the matrix of the corresponding mode shapes, which include the six zero-frequency rigid-body modes [
Without loss of generality, the origin of the body frame A can be defined to initially coincide with the center of mass (CM) and its axes to be aligned to the principal axes of the structure. This simplifies the rigid-body modes, since Φ SR and Φ RR are then a null and a unit matrix, respectively. Note that this is the same initial condition as for a meanaxes description, but A is still a body-fixed frame. The remaining elastic mode shapes,
, characterize the vibration modes of the unconstrained structure such that Φ SS are the deformations with respect to frame A and Φ RS = 0 accounts for the corresponding rigid-body motion of the body-fixed frame A.
However, using this modal basis for the projection of the linear-flexible/nonlinear-rigid EoM, Eq. (4), requires a linear transformation at each sub-iteration to obtain the instantaneous rigid-body velocities needed in the perturbation damping and stiffness matrices. A more convenient basis for projection is
where m is the number of elastic modes used for the projection, which relieves the inertial coupling between the rigid-body motion of the vehicle and the elastic deformations. This approach is very similar to that followed by Rodden and Love 5 to obtain the rigid-body accelerations on the structure in a mean-axes framework and will allow us to separate elastic from rigid-body modes in the following projection of the perturbation flexible-body EoM.
Note that in this formulation, the modal basis is computed for the deformed configuration at trimmed flight, which is the same reference condition used for linearization of the elastic DoF.
II.C.1. Modal Reduction of the Perturbation Equations of Motion
The structural and rigid-body velocities/accelerations can first be expressed in terms of the modal basis, Φ * , such that
which is substituted in Eq. (4) to obtain the modal form of the coupled EoM for this system,
The resulting modal EoM describes the arbitrarily-large rigid-body motion of the flexible body subject to small elastic deformations which are captured using the modified vibration modes of the unconstrained structure. Because of the linear mapping of the rigid-body velocities, Eq. (6), the orthogonality property of the resulting vibration modes with respect to the system mass and stiffness matrices is lost. However, the system is already coupled due to the contribution of the gyroscopic forces to the modal damping and stiffness matrices.
The modal damping and stiffness matrices remain functions of the rigid-body DoF, β.
However, it is easy to see that they have, respectively, linear and quadratic dependencies with β, and that it is possible to write them in terms of third-and fourth-order tensors,
where we sum over repeated indices and have identified the contributions to the modal stiffness matrix from elastic and gyroscopic forces. The tensors c and k are constant in time and their dimensions are i, l = {1, ..., m} and r, s = {1, ..., 6} for m number of modes used in the expansion. These tensors are typically very sparse, and this approach generates efficient numerical solutions that keep the nonlinearities in the rigid-body DoF and all couplings with the linear structure at a low computational cost.
II.C.2. A Mean-Axes Approximation
In this section we give a brief description on the implementation of the mean-axes approximation which will be exercised in the numerical studies in Section IV. As it will be seen, the system size is similar to the proposed modal formulation, but it neglects the gyroscopic couplings between the elastic and rigid-body dynamics.
The mean-axes system is enforced by projecting the linear EoM onto free-free modes.
4, 30
Here, we obtain the free-free modes in the inertial frame by solving the eigenvalue problem given by the unconstrained, undamped elastic EoM as,
the vector of elastic DoF without enforcing a constrained node at the origin of frame A.
The corresponding stiffness matrix, K S stif , is obtained through linearization of the elastic forces, Q S stif . The relative displacements of the flexible body can then be described in terms of mode shapes, Φ f , and generalized displacements,
orthogonality of the free-free modes and if we neglect the contribution of elastic deformations to the gyroscopic forces in Eq. (3), it is possible to solve the mean-axes EoM,
separately from the nonlinear rigid-body dynamics EoM, extracted from Eq. (3), as
where ω i is the vibration frequency of the i th mode and M RR the mass matrix of the rigidbody at the CM and principal axes. Neglecting some gyroscopic terms in the damping matrix is a necessary assumption to diagonalize all modal system matrices. The implication of this assumption will be investigated in this paper on a full aircraft application. Note that the resulting set of EoM can still be coupled if the external forces, Q ext , such as aerodynamic loads, not only depend on rigid-body velocities, β, and orientation, ζ, of the aircraft, but also on the instantaneous geometry due to deformation of the lifting surfaces,η.
III. Coupled Aeroelasticity and Flight Dynamic Models
The presented flexible-body dynamics description has been implemented in the framework for Simulation of High Aspect Ratio Planes (SHARP) 12, 20 to study flexible aircraft, including static aeroelastic analyses, trim, linear stability analyses, and fully nonlinear time-marching simulations. The unsteady aerodynamics are given by the unsteady vortex lattice method, which accounts for wing surfaces subject to large deformations. The implementation of the aerodynamics follows Katz and Plotkin 24 and the mapping between the aerodynamic and structural grid has been presented by Murua et al. 12 Only a summary is given here.
III.A. Direct Simulation of Nonlinear Flexible-Aircraft Dynamics
Time-domain simulation of very flexible aircraft dynamics is obtained via a loosely-coupled implementation of Eq. (3) with the unsteady aerodynamic loads in the external forces, Q ext , given by the UVLM. In the UVLM, vortex-ring quadrilateral elements are used to discretize both lifting surfaces and wakes. Each surface (bound) vortex-ring has an associated circulation strength, Γ k , and a collocation point, at which the impermeability boundary condition is satisfied. In its general form, the UVLM is a geometrically nonlinear method in which the shape of a force-free wake is obtained as part of the solution procedure. The wake is therefore formed, shed, convected, and allowed to roll up according to the local flow velocity. The vorticity distribution of the vortex elements is determined by applying the non-penetration boundary condition at the discrete time step n + 1, such that
where Γ b and Γ w are bound (surface) and wake circulation strengths, respectively, A b and A w are the wing-wing and wing-wake aerodynamic influence coefficient matrices. Elements of these matrices are obtained by projecting the velocity (computed using the Biot-Savart law)
over the vortex-ring normal vector. The vector of normal components of the non-vortical velocities at the collocation points, w, can include deployment of control surfaces, gust-induced velocities, wing deformations and rigid-body motions. Note that, as the influence coefficients can account for large deflections of the aerodynamic surfaces, the method is geometrically nonlinear.
Once the vorticity distribution is computed at each time step, the aerodynamic pressures can be computed using Bernoulli's equation. The resulting aerodynamic loads are finally converted into forces and moments at the beam nodes through a mapping procedure as outlined in Murua et al., 12 which in the current implementation uses coincident meshes. No effort was done in the direct time-simulations in this paper to simplify the aerodynamic description for small wing deformations.
III.B. Monolithic Description of Linearized Flexible-Aircraft Dynamics
Linearization of the UVLM formulation leads to a compact set of discrete-time state-space equations that, coupled with the fully-linearized form of the flexible-body dynamics EoM, Eq. (4), can be used for linear stability analysis of very flexible aircraft with possibly large deformations at trimmed flight. To obtain the state-space form of the UVLM, the governing equations are linearized on a frozen aerodynamic geometry. 20, 31 They are naturally written in a descriptor state-space form as
where superscripts n and n + 1 refer to the current and next time steps and subscript F highlights the aerodynamic components. The outputs y F are the aerodynamic loads at panels and the states x F and inputs u F of the linearized aerodynamic system are given by
where the aerodynamic grid, χ b , and the time derivative,χ b , can account for deployment of control surfaces, gust-induced velocities, and wing deformations. This linearized formu-lation enables rigid-body motions and elastic deformations to be incorporated in a unified monolithic framework. However, as the linear UVLM is written in discrete time, temporal discretization of the structural equations is also required before the fluid/structure coupling.
A standard Newmark-β discretization is used, which leads to the following equations for the homogeneous problem
where the state vector that completely determines the linear system is
with the Euler angles, Θ, used to define the orientation of the body frame, A. As before, subscripts S and R refer to the structural and rigid-body states. From Eq. (15) one obtains a discrete-time generalized eigenvalue problem to determine the dynamic stability of the vehicle which includes aeroelastic and flight dynamic modes.
IV. Numerical Studies
Previous work properties, and load history of the FMB problem are defined in Figure 2 , where x-z is a plane of symmetry for the model. A set of follower loads is applied at the origin of the bodyfixed frame, A, such that the rigid structure follows a circular trajectory with radius R S .
The parameter p R is introduced in this study to vary the radius of the trajectory which is prescribed by the tangential and centripetal forces, F T and F C , respectively, and the moment M C . The total mass of the frame is m and J z is the moment of inertia around the z axis at the reference configuration. The body-fixed frame, A, is rigidly-linked to the FMB at point P G and the CM of the undeformed geometry initially coincides with the origin of frame
A to simplify comparison with the mean-axes solution. At last, a dead load is applied at P G to prescribe the spiral motion. Note that no gravity forces are acting on the structure in this problem. A mesh size of 60 2-noded elements and a time step of ∆t = 0.1 s was found to be sufficient to capture the predominantly rigid-body dynamics for 800 time steps.
The constant-acceleration Newmark scheme with algorithmic damping of 0.01 was used to time-march the solution.
The stiffness properties of the structure, shown in Figure 2 , result in maximum tip displacements below 1% relative to the arm length L. It was shown before 23 that for p R = 1 the relative error (of about 12%) in tip deformations using the mean-axes approximation is independent of the stiffness even for sufficiently stiff wings. To complete the analysis, this study will investigate the effect of the vehicle kinematics (characterized by radius parameter p R ) on the error given by the mean-axes approximation.
The trajectory of the centroid is shown in Figure 3 for four different load cases. For this very stiff problem the prescribed forces result in zero angular velocity components around This behavior is demonstrated in detail in Figure 5 which shows the correlation between the maximum relative error norm of the right tip deflection and its components with the radius parameter p R . The error in in-plane bending (R Ay and R Az ) contributes the most to the overall relative error norm. It is evident that there is a direct correlation between the angular velocity ω Gz , which is inversely proportional to p R , and the relative error of the 
IV.B. Flight Dynamics of a Flexible Aircraft
A similar study also including aerodynamic effects will be carried out on a full aircraft configuration. The representative HALE aircraft, shown in Figure 6 , consists of large-aspectratio flexible wings, a rigid fuselage and a rigid empennage. It is similar to those of Patil Table 2 . The stiffness parameter σ will be used in the following studies to vary the stiffness properties of the main wing (decreasing σ results in a more flexible wing). , and thrust per propeller. The trimming method is a tightly-coupled process that is described in detail in Murua et al. 20 The trim characteristics of the HALE aircraft are presented in Figure 7 for dihedral member ratio, 0 ≤ λ ≤ 1/2, and stiffness parameter of the main wing, 1.1 ≤ σ ≤ 1000. The tip deflection of the main wing, non-dimensionalized with the overall semi-span of the main wing, B, is also included in Figure 7 . Parameter σ = 1 corresponds to the original stiffness properties from Patil et 
IV.B.2. Asymptotic Stability Analysis
The dynamic stability of this HALE configuration is studied next to investigate the effect of flight dynamic and aeroelastic modes can disappear. As the stiffness of the main wing is increased, the higher-frequency aeroelastic modes become less stable while the low-frequency flight dynamic modes show the opposite trend. The non-oscillatory spiral divergence on the other hand, becomes less stable with increasing stiffness. This can be observed in detail in Figure 9 (b) which highlights two flight-dynamics lateral modes: Dutch roll and spiral divergence. As flexibility increases, the less stable Dutch roll illustrates the detrimental impact flexibility might have on the handling qualities of the vehicle. In contrast, the spiral mode stability margin substantially increases with flexibility due to the larger static deformations of the main wing at trim conditions. Figure 9 (c) zooms further in the root loci in order to visualize the phugoid mode. For a rigid aircraft it is a lightly damped mode. As flexibility is increased, this modes demonstrates the complex interaction between the elastic and rigid-body DoF: as the aircraft pitches up and climbs first, the wings undergo a downward flapping-like motion. As the vehicle pitches down and descends, the wing bends upwards, reaching the maximum tip deflections before the cycle is finished. Whereas rigid and stiff aircraft present stable phugoid modes, damping drops with increasing wing flexibility resulting in an instability for 1.2 ≤ σ ≤ 1.7. However, for highly flexible cases (σ < 1.2) this trend is reversed which results in stable configurations.
To investigate this reversal in stability behavior, we have included the extremely flexible case of σ = 1 in Figure 9 and will examine the effect of the outboard dihedral in the following. the increase of dihedral ratio leads to a more stable phugoid in the flexible aircraft (except for λ = 0), but the damping of the rigid phugoid decreases with λ. From the trends of the phugoid mode in Figures 9 and 10 , it is clear that static and dynamic aeroelastic effects have opposing contributions, such that an increase of effective wing dihedral due to wing bending (static effect) decreases phugoid stability, as deduced from Figure 10 , which explains the trend for 1.2 ≤ σ ≤ 1.7 in Figure 9 . For more flexible configurations the dynamic properties result in increased damping which dominate over the static effects and tend to stabilize the aircraft.
IV.B.3. Open-Loop Response of HALE Aircraft with Large Rigid-Body Motions
Finally, we can investigate the effect of consistent linearization of the structural DoF on the dynamic response of the vehicle defined in Figure 6 and Table 2 . The aircraft is subject to various excitations in the form of commanded inputs on ailerons and elevator and the open-loop response is computed using the linearized and mean-axes solutions, as well as the full nonlinear solver. To isolate the effect of linearization of the structural DoF only, the aerodynamics were computed using the geometrically nonlinear time-marching description of the UVLM for all results presented here. The stiffness parameter σ is also used in this study to explore the effect of flexibility on the nonlinear flight dynamic response. We will limit ourselves to the configuration with dihedral member ratio λ = 1/4, which was shown to be stable for the whole range of stiffness values with lightly-damped spiral and phugoid modes (see Figures 9-10 ). For the dynamic analysis, the control surface inputs of ailerons and elevator (denoted by subscripts a and e, respectively) are prescribed such that δ a = ±δ * a and δ e = δ In addition to the stability characteristics, flexibility impacts the controllability of the aircraft. Figure 13(a) shows its trajectory in the x-y plane (top view) for different stiffness values σ and demonstrates control reversal with increasing flexibility of the main wing. For the flexible configuration with σ = 2, wing twisting results in minimal control authority of the ailerons. Controllability can be further explored on the linear system by evaluating the controllability grammians, 33 but this will not be investigated here. Figure 13(b) shows the effect of flexibility on the altitude response of the HALE aircraft. The frequency of the resulting oscillatory motion matches closely the phugoid mode presented for this configuration in Figure 9 . The reduction in frequency with increasing flexibility is also captured in this response.
To compare the effect of linearization of the elastic DoF, Figure 13 Next, the open-loop response of the HALE aircraft was computed using the mean-axes approximation, Eq. (10), but the aerodynamics in our implementation are still computed on the actual instantaneous geometry. For small deformations this converges to the classical mean-axes approximation as it is commonly found in flight dynamic simulations. 4 The mean-axes solution to the rigid-body response of the HALE aircraft is included in Figures   13-14 and compared with the fully-coupled, nonlinear reference solution. The error norm in Figure 14 gives an insight into the effect of neglecting the gyroscopic forces due to elastic deformations. One would expect the error to increase with flexibility, as is the case for σ < 2, but a local maximum occurs at σ = 10 which represents a rather stiff configuration with 5% maximum wing deformations. We saw from Figure 12 The right wing tip deflection is presented in Figure 15 for a stiff (σ = 10) and a very flexible (σ = 1.1) aircraft. Whereas the flexible case exhibits static equilibrium deformations of 37% of the semi-span, the maximum amplitude in the transient around this equilibrium is below 10% of the semi-span. As a result, the linearized formulation is able to capture the amplitudes of the large deformations well even for the very flexible problem, which is presented in Figure 15(b) . However, as the mass matrix is assumed constant in the linearized approach, the change in geometry due to the deformations and the resulting change in sta-bility behavior of the aircraft cannot be captured which results in a frequency shift. Figure   16 shows the maximum error norm of the vertical wing tip displacement which were normalized with the maximum wing deformations for each σ. The linearized approach predicts the displacements well even for very flexible aircraft with σ = 2 and wing deformations of up to 26% of the semi-span. For more flexible configurations the resulting phase shift due to geometric nonlinearity effects dominate. Figure 16 shows that even for near-rigid vehicles (σ ≥ 100) the relative error remains constant around 1% for the commanded maneuver.
Whereas it was shown in Figure 14 that the mean-axes approximation can give a good estimate of the open-loop flight dynamic response for very stiff structures, it results in unreliable predictions of the elastic deformations even for very stiff aircraft. This makes it less suitable for the prediction of dynamic maneuver and gust loads.
V. Conclusions
This paper has presented a coupled aeroelastic and flight dynamics framework for flexible aircraft with a consistent linearization of the structural dynamics around a nonlinear static trim equilibrium. Starting from a displacement-based geometrically nonlinear composite beam model, coupled with an unsteady vortex lattice method, linearization in only the structural degrees of freedom has resulted in flexible-body dynamics equations written in matrix form, with coefficients that vary only with the vehicle rigid-body velocities.
Approximating the finite-element discretization in terms of a few vibration modes of the unconstrained structure has been shown to result in closed-form expressions for the equations of motion with constant coefficients that capture the gyroscopic couplings between the rigidbody and the structural dynamics. The size of the resulting system is thus comparable to that in mean-axes approximations, but it includes the gyroscopic couplings and vehicle dynamics which are written around a nonlinear aeroelastic equilibrium -including a deformed aerodynamic lattice. Moreover, it is also not necessary to pre-compute frequency-domain aerodynamics, as it is done in solutions based on the doublet lattice method. In summary, the linearized flexible-aircraft formulation provides a powerful tool to accurately describe the flight dynamics of current and next-generation high-aspect-ratio aircraft.
The proposed model captures all coupling terms due to gyroscopic forces, which implies that the resulting linear elastic deformations can be captured accurately. This may be critical for the prediction of maneuver loads on flexible vehicles, and it has only a small computational burden due to the modal projection of the structural degrees of freedom.
